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(wi th  m o r e  s i g n i f i c a n t  f igures)  for  ~,  _~ n, _~ 10. O t h e r  
t a b l e s  a re  t h o s e  b y  FESTINGER s, b y  WHITE 4, a n d  b y  
AImLE ~, w h i c h ,  h o w e v e r ,  a re  found  to  h a v e  been  cr i t i -  
c ized for  c o n t a i n i n g  m o r e  or  less se r ious  er rors .  U s i n g  
g e n e r a t i n g  f u n c t i o n s  KEMPERMAN ° h a s  i n d i c a t e d  a 
m e t h o d  b y  w h i c h  t o  c a l c u l a t e  t h e  a b o v e  p r o b a b i l i t i e s  
b y  m e a n s  of a d o u b l e - e n t r y  t a b l e  i n s t e a d  of a t r ip le -  
e n t r y  t a b l e ;  he  gave  s u c h  a d o u b l e - e n t r y  t a b l e  c o v e r i n g  
t h e  cases for  w h i c h  u <: 40 a n d  n ~ 5 [n = Min (n 1, n2), 
t h e  size of t h e  s m a l l e s t  sample] .  E s s e n t i a l l y  the  s a m e  
m e t h o d  was  q u i t e  r e c e n t l y  r e -d i scove red  (w i thou t  t h e  
use of g e n e r a t i n g  f u n c t i o n s )  a n d  se t  f o r t h  in a de t a i l ed  
p a p e r  b y  F I x  a n d  HODGES ~ w h o  gave  t h e  d o u b l e - e n t r y  
t a b l e  n e e d e d  in  case  u < 100 a n d  n <: 12. Some old 
work  on  p a r t i t i o n  t h e o r y ,  t o  be  d i scussed  in a n o t h e r  
paper ,  g ives  e x t e n s i v e  t a b l e s  c losely  c o n n e c t e d  w i t h  t he  
l a s t - m e n t i o n e d  t~vo t a b l e s :  EULER (1748, 1750) cove r ing  
t he  cases u <: 69 a n d  n <: 11, a n d  u ~ 59 a n d  n < 20, 
r e spec t ive ly ,  a n d  MARSANO (1870) cove r ing  t he  case 
u < 103 a n d  n <: 102. 

Now, in  s o m e  o t h e r  w o r k  on  p a r t i t i o n  t heo ry ,  BRIO- 
SCHI s, we f o u n d  a resu l t ,  d i s p e n s i n g  w i t h  t ab l e s  a l to -  
ge the r ,  w h i c h  we t r a d u c t  he re  in  t e r m s  of Wi l coxon  
p robab i l i t i e s .  T h e  r e s u l t  is i n t e r e s t i n g  because  i t  answer s  
for  t h e  t w o  s a m p l e  p r o b l e m  a q u e s t i o n  le f t  open  b y  
KRUSKAL ~ w i t h  r e s p e c t  to  t h e  s eve ra l  s a m p l e  p r o b l e m  
in g e n e r a l :  n a m e l y ,  t h e  q u e s t i o n  of a c losed expres s ion  
for  c e r t a i n  p r o b a b i l i t i e s  in  r a n k  t e s t s  for  t he  k (:> 2) 
s a m p l e  p r o b l e m .  Moreove r ,  t h e  r e s u l t  a l lows one  to  
c a l c u l a t e  t h e  e x a c t  p r o b a b i l i t i e s  in  v i r t u a l l y  al l  cases 
n o t  c o v e r e d  b y  t h e  t a b l e s  one  m a y  h a v e  a t  h a n d :  in  
fact ,  n o  t a b l e  is n e e d e d  a t  a l l - t h o u g h  for  u large  t he  
c a l c u l a t i o n s  m a y  t u r n  o u t  to  be  s o m e w h a t  c u m b e r s o m e .  

T h e  re su l t ,  t h e n ,  is t h i s :  

I f  k is a pos i t i ve  i n t e g e r  as  well  as i, def ine  

~(k/i) = 1 if k/i is an integer, and 0 if k[i is not. 

F u r t h e r m o r e  def ine  

.~k = ,~w i .  ~ (kli) - ~ ( n , + i ) .  ~ (~/¢,,,+il). 
i= I  i = l  

It is clear that interchanging nt and na ]caves the 
value of s~ unaltered; hence if nz < n~ the version here 
g iven  will be  c h o s e n ;  if n~ > n~ one  will  p re fe r  to  in t e r -  
c h a n g e  n~ a n d  n ,  in  t h e  e x p r e s s i o n  for  sk. F i n a l l y  def ine 

A(s,O) = 1, Al(s, 1) = sl, 

s~ - 1  0 • • • 0 
s~ s~ - 2  • ' • 0 

A(s, u) . . . . . . . . . . . .  for u ~_ 2, 

Iis._ , s ._~ s,,_ s . . . .  (u - l )  
} s u %_, su_ ~ . . .  s~ 

from the same source and written by D. WABEX~ and C. VAN EEDEN 
(1955), who give an additional table slightly extending the preceding 
ones, 
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4 C. WHITE, Biometrics 8, 32 (1952}. 
5 D. AUBLE/Bull. Inst. educat. Res. Indiana Univ. I, No. 2, 39 

(1953); cited after: E. Fix and J. L. HODGES, Jr., Ann. Math. 
Stat. 26, 301 (1955). 
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a n d  
s*k = l + s  k, *s k = - l + s  k, 

whi le  t h e  d e f i n i t i o n  of  

A(s*, u) and A(*s, u) 

be i d e n t i c a l  w i t h  t h a t  of A(s, u) e x c e p t  for  t h e  s y m b o l  s 
b e i n g  rep laced  b y  s* a n d  *s, r e spec t i ve ly .  T h e n  if u be  
s ma l l e r  t h a n  ½nln I: 

-P(U12 = u ;  hi,  ~zz) = P(U2I  = u ;  hi,  n~) = 0*x I ~ ! / N l  u I) ~ (s, u) ,  

P(UI2 <: u ; n 1, n2) = P (Uz l  <: u ; hi, ha) ---- (~ll ,2!IN l u I) A (s*0 u), 

while  if in a d d i t i o n  u > 1: 

P(  Uli = u ; n l, ni) - P(  Ula ---- u-1 ; n l, hi) ---- (nl I n I I/N he l) A (*s, u). 

For example P(Ula G 7 ; 49, 2) ~ 0'015686, 
P(Ux2 ~_ 23; 21, 5) -- 0.028717, 

A se l f -con ta ined ,  m a i n l y  e x p o s i t o r y  p a p e r  w i t h  p roofs  
a n d  de ta i l s  on  a p p l i c a t i o n s  is b e i n g  p r e p a r e d .  R e s e a r c h  
on  o t h e r  c o n n e c t i o n s  b e t w e e n  r a n k  t e s t s  a n d  t h e  t h e o r y  
of p a r t i t i o n s  is in progress .  

H .  R .  VAN DER VAART 

Zoological Laboratory o[ the Universi ty ,  Leiden, ,4 ugust 
23, 1955. 

Zusammenfassung  

Gewisse W a h r s c h e i n l i c h k e i t e n ,  we lche  in  d e r  A n w e n -  
d u n g  y o n  W i l c o x o n s  T e s t  ffir d a s  P r o b l e m  d e r  zwei  
Stichproben wichtig sind, werdcn mittcls eincr Dcter- 
m i n a n t e  geschlossen  a u s g e w e r t e t .  Diese  D e t e r m i n a n t e  
w u r d e  b e r c i t s  v o n  BRmSCHI a u f  e in  P r o b l e m  in  d e r  
Theor i e  d c r  P a r t i t i o n e n  y o n  g a n z e n  Z a h l e n  a n g e w a n d t .  

E l e c t r o - o p t i c a l  S h i f t  

L i t t l e  work  a p p e a r s  to  h a v e  b e e n  done  o n  t h e  p ro -  
pe r t i es  of l iqu id  d ie lec t r ics  u n d e r  h i g h  e lec t r ica l  f ields 
(d i rec t  or  a l t e r n a t i n g ) .  T h e  ef fec t  of a n  e lec t r ica l  f ie ld 
on  v i scos i ty  t, on  r e f r a c t i v e  i n d e x L  on  i n t e r n a l  f r i c t ion  8 
a n d  on  t h e  op t ics  4 of t h e  s y s t e m  h as  b e e n  s tud i ed .  I n  
c o n j u n c t i o n  w i t h  r e sea rch  on  l iqu id  c rys t a l s  5 a n d  l iqu id  
d ie lec t r ics  in  progress  in  th i s  l a b o r a t o r y ,  i t  was  o b s e r v e d  
t h a t  a b e a m  of w h i t e  l i gh t  pas s ing  t h r o u g h  a l i qu id  
die lect r ic  c a n  be  sh i f t ed  in i t s  p a t h  u p o n  a p p l i c a t i o n  of 
an  e lect r ica l  field. S ince  work ,  to  da t e ,  is of a p r e l i m i n a r y  
n a t u r e ,  t h e  p r e s e n t  d i sc losure  m u s t  be  l i m i t ed  in de ta i l .  

A t y p i ca l  cell  used  to  s t u d y  t h e  e l ec t ro -op t i ca l  s h i f t  
cons i s t ed  of a 50 m l  b e a k e r  i n t o  w h i c h  t w o  s e m i - c i r c u l a r  
m e t a l  e lec t rodes  a re  i n s e r t e d  a n d  he ld  r i g id ly  in p lace .  
T h e  e lec t rodes  in  t h i s  s t u d y  were  m a c h i n e d  f r o m  brass .  
These  e lec t rodes  a re  of s u c h  a size t h a t  t h e y  fill t h e  
b e a k e r  w i t h  t h e  e x c e p t i o n  of a s p a c i n g  of 5 m m  a t  t h e  
c e n t e r  of t h e  b e a k e r  a n d  a re  m o u n t e d  so t h a t  t h e i r  faces  
a re  para l le l .  T h e  l iqu id  d ie lec t r ic  u n d e r  s t u d y  is p l a c e d  in  
t h e  space  b e t w e e n  t h e  e lec t rodes .  T h e  s p a c i n g  b e t w e e n  
t h e  e l ec t rodes  is n o t  c r i t i ca l ;  t h e  i m p o r t a n t  f a c t o r s  
con t ro l l i ng  i t  a r e  a r c ing  a n d  v o l t a g e  supp ly .  
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T h e  surfaces  of t h e  faces of t he  e lec t rodes  which  are  in 
c o n t a c t  wi th  t he  l iquid  dielectr ic  should  be co r ruga t ed  
for t he  best  results.  The  tool  of a shape r  can  easi ly m a k e  
such  co r ruga t ions  if a ~ourse feed is used. A sa t i s f ac to ry  
spacing be tween  r idges on the  co r ruga t ed  surface  is one-  
s i x t een th  of an  inch.  Also, o t h e r  spacings  of o n e - t h i r t y  
second and  one-e igh th  of an inch  b e t w e e n  the  r idges on 
the  e lect r ica l  sur face  h a v e  been  s tud ied  and  found  to  
give the  shif t  p h e n o m e n o n .  H o w e v e r ,  i t  has  been found 
t h a t  a mechan i ca l l y  s m o o t h  e lec t rode  sur face  (electri-  
cal ly  c o n d u c t i n g  glass) can  also b r ing  a b o u t  a shift .  The  
degree of shi f t  w i th  t he  s m o o t h  surface  is n o t  as pro-  
nounced  for a g iven  l iqu id  d ie lec t r ic  as w i th  a r o u g h e n e d  
surface.  

® 

(~) ~ 5 m m  

I 

...... t 
Topview of Electro-optical Shift Apparatus. I Source of white light 
producing beam I mm in diameter; 2 liquid dielectric in space be- 
tween electrodes; 3 and 4 electrodes; $ glass container; 6 5000 volt 
source ac or de; 7 path of light beam in absence of field; 8 path of 

light beam with field applied. 

A b e a m  of whi te  l igh t  1 m m  in d i a m e t e r  is passed 
th rough  the  l iquid  dfelectr ic  and  a long  the  face of t he  
co r ruga ted  e lect rode.  The  p a t h  of t h e  l igh t  is paraIIet  to  
the  e lec t rode  surface  and pe rpend icu l a r  to  the  shaper  
toot marks .  I t  should  j u s t  c o n t a c t  t h e  r idges of t he  
cor ruga ted  surface  as i t  passes a long  the  e lectrode.  Also, 
the  p a t h  of t h e  l ight  b e a m  is pe rpend i cu l a r  to t he  direc-  
t ion of t he  e lect r ica l  field. The  d i s t ance  of l iquid  t ra -  
versed  is a p p r o x i m a t e l y  4 cm. As far  as is known  at  t he  
p re sen t  t ime,  th is  d i s t ance  is no t  cr i t ical .  T h e  s t r e n g t h  
of the  electr ical  field used across t he  5 m m  spacing is of 
t h e  order  of 1000 vo l t s  pe r  mi l l imeter .  T h e  field can  be  
e i the r  d i rec t  cu r ren t  or  a l t e r n a t i n g  current .  I n  add i t i on  
to t he  whi te  l ight,  W r a t t e n  f i l ters  of 425, 525 and 650 
mi l l imicrons  were  used. The  l igh t  in all  t h ree  cases was 
shi f ted  as would  be expec ted .  

W i t h  t h e  l igh t  b e a m  pass ing  a long t h e  e lec t rode  as 
descr ibed  above,  t he  l igh t  b e a m  will  be sh i f ted  f rom its 
or iginal  p a t h  when  an electr ical  field is impressed  across 
t he  electrodes.  A shif t  of the  l igh t  b e a m  a p p r o x i m a t e l y  
one degree has been  recorded  wi th  some l iquids.  The  shif t  
is a lways  a w a y  f rom the  e lec t rode  surface.  

I n  t he  p r e l i m i n a r y  s t u d y  on the  e lec t ro-opt ica l  shif t  
p h e n o m e n o n ,  severa l  o rgan ic  l iquids  h a v e  been  t e s t ed  in 

t he  cell. Typ i ca l  l iquids  which h a v e  been t e s t ed  and 
found  to  g ive  the  shif t  are  : e thy l  ace ta te ,  abso lu te  e thyl  
alcohol,  abso lu te  m e t h y l  alcohol ,  s econda ry  b u t y l  alcohol,  
t e r t i a r y  a m y l  alcohol,  ca rbon  disulfide,  n i t robenzene ,  
ch loroform,  and p- to ly l  ace ta te .  I t  is i m p o r t a n t  t h a t  the  
l iquids  used should  be of  a h igh  degree  of pu r i t y .  

S tudies  are  stil l  too  f r a g m e n t a r y  to  s t a t e  conc lus ive ly  
t h e  cause  of th is  e lec t ro -op t ica l  shift ,  b u t  i t  appea r s  t h a t  
the  shif t  of t he  l ight  b e a m  is due  to t he  molecu la r  as- 
socia t ions  in t he  l iqu id  die lect r ic  c o n c e n t r a t i n g  and 
o r i en t ing  in t h e  e lect r ica l  field of h ighes t  g r ad i en t  thus  
changing  the  r e f r ac t ive  index  of t he  l iquid  a t  the  elec- 
t r ode  surface.  

Resea rch  is con t inu ing  in our  l a b o r a t o r y  on the  ex- 
p e r i m e n t a l  and  t heo re t i c a l  i n t e r p r e t a t i o n  of this  
p h e n o m e n o n .  

G. H ,  BROWN, J. F .  DREYER, t{.  1~. LU- 
BOV:ITZ, and W. H. H.  MIDDENDORF 

Department o/ Chemistry and Electrical Engineering, 
University o~ Cincinnati, Cincinnati 21, Ohio, September 
5, 1955. 

Zusammen/assung 

E r z e u g t  m a n  in e inem fltissigen D ie l ek t r i kum,  wie 
wasser f re iem * t h a n o l ,  Schwefe lkohlens tof f ,  p -Toly l -  
a ze t a t  oder  Ni t robenzo l ,  zwischen spezielI ges t a l t e t en  
E l e k t r o d e n  ein e lekt r i sches  Fe ld  von  e t w a  l0  000 V/era, 
so wi rd  ein L ich t s t r ah l ,  de r  die im Fe ld  bef ind l iehen  
Tei le  der  Flf issigkei t  durchse tz t ,  gek r f immt .  Die Ab- 
l enkung  des S t rah ls  aus  der  ge raden  R i c h t u n g  betrXgt  
in m a n c h e n  FAllen 1% 

Variations in the Calcification of Cementum and 
Dentin as Seen by the Use of Microradiographic 

Technique 

R o e n t g e n  abso rp t ion  image s of smal l  biological  objects  
were first  publ i shed  b y  GoBYL He  inves t i ga t ed  Fora -  
min i fe ra  and  in t roduced  the  n a m e  mic ro rad iog raphy .  

The  pubI ica t ion  opened  new views  and  possibi l i t ies  to  
inves t iga te  d i f ferent  t issues on h is to logica l  basis. DAIy- 
V I L L I E R  2 t o o k  a g rea t  step fo rward  t o w a r d s  a b : t t e r  
t e c h n i q u e  b y  us ing the  so-cal led L i p p m a n n  f i lm wi th  its 
e x t r e m e l y  fine g ra ined  emuls ion.  

The  m e t h o d  has  been  fu r t he r  i m p r o v e d  by  LAMAR~2UI~ 
and  TURCIIINI 3. In  1936 SI[EWERT 4 a m o n g  o the r  th ings  
showed  the  poss ib i l i ty  of ge t t i ng  en la rged  roen tgen  
images  w o r k i n g  wi th  d i v e r g e n t  r ad ia t ion .  

In  the  n ine t een  fort ies,  i m p o r t a n t  i nves t iga t ions  were 
m a d e  in th is  sub jec t  by  CLARK and  BOHATYRTSCH[~K ~. 
The  l a t t e r  e.g. i nves t i ga t ed  the  d i s t r ibu t ion  of vessels. 
E~,'~SYR6~I 6 pub l i shed  a q u a n t i t a t i v e  m e t h o d  for the  
e s t i m a t i o n s  of smal l  a m o u n t s  of d i f fe ren t  e l emen t s  in bio- 
logical  ob jec t s  in areas  down  to 10 #. ENGS'rRO-~L ExG- 
FELl)T, and  AMPRINO 7 h a v e  pub l i shed  mos t  in te res t ing  
m i c r o r a d i o g r a m s  of bone  t issue showing  the  minera l  
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